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Abstract
We study an extension to the stochastic multi-
armed bandit problem where the learner has a
budget ofK “coins” it can use in each round. The
learner can use the coins to play multiple arms in
each round, having the option to “bet” multiple
coins on an arm. At the end of the round, the
arms generate a reward that is proportional to the
amount of coins invested in them.

1. Introduction

The stochastic multi-armed bandit problem (Lai & Rob-
bins, 1985) is motivated in terms of playing slot machines
in a gambling casino. At each round, the gambler hasa
single coin he or she uses to play exactly one ofN slot ma-
chines. The played machine yields a random payoff from a
fixed distribution that is unknown to the gambler. The goal
of the gambler is to maximize the expected payoff.

In this paper we consider an extension where the gambler
has, at each round,K coins available for play, and the slot
machines accept bets. If the player betsm coins on a ma-
chine, then the machine will returnm times the payoff of
that round. It is important to note that bettingm coins on
a machine results in obtaining a single sample from the re-
wards distribution of that machine (multiplied bym), not
m independent samples. At each round, the gambler must
divide all of his or hersK coins among the machines in
such a way as to maximize the total expected payoff.

A different way to look at the same problem is in the con-
text of collaborative learning:K honest and altruistic learn-
ers are collaborating to to maximize the cumulative total
expected payoff. In each round, each learner selects exactly
one of theN arms, and receives the payoff of the selected
arm in that round. If two learners select the same arm, they
both receive the same reward. At the end of the round the
learners share information about the payoffs received, and
coordinate on which arms to select in the next round.

As in the classical setting, performance is measured in
terms of regret, i.e. the difference between the payoff ob-
tained by the algorithm, and the payoff obtained by the op-

timal strategy of betting allK coins on the arm with the
highest average payoff.

A naive approach would be to reduce this problem to a clas-
sical multi-armed bandit problem by betting allK coins
on the machine selected, for instance, by theUCB1 algo-
rithm (Auer et al., 2002a). This would yield a regret of
O(K · lnT ), whereT is the number of rounds played,
and the constant depends on the mean payoffs of the dif-
ferent machines. In this paper we present an algorithm that
achieves a regret ofO(K + lnT ) by splitting the coins
among multiple machines in order to emphasize explo-
ration.

2. Related work

The classical multi-armed bandit problem, the simplest
example of an exploration-exploitation trade-off problem,
has received significant attention in the literature. In the
stochastic setting, Lai and Robbins (1985) gave asymp-
totically optimal strategies, and Auer et al. (2002a) in-
troduced theUCB1 algorithm and showed that the opti-
mal regret bounds ofO(lnT ) can be achieved uniformly
over time. For the non-stochastic version, Auer et al.
(2002b) proposed theExp3 algorithm that achieves a regret
of O(

√
T ·N · lnN).

In the context of Competitive Collaborative Learning,
Awerbuch and Kleinberg (2008) studied, in the non-
stochastic setting, a more general version of the problem
studied in this paper, where the learners can be dishon-
est. They provide an algorithm with a regret bound of
O((K + N) · ln4(K + N) · T 3/4)

A more restrictive version of the problem studied here,
where, at each round, the gambler has to play exactlyK
distinct machines, with each machine accepting a single
coin, has been studied by Anantharam et al. (1987) un-
der the name of multi-armed bandit problems with multiple
plays.

3. Main Result

We consider the stochastic rewards model, where the re-
ward for armi at time t, ri(t), is drawn independently
from a fixed unknown distributionPi(·) with meanµi.
WLOG let the arms be ordered by the true average reward:
µ1 > ... > µN . Let ∆i = µ1 − µi. We denote byni,t the



Multi-Armed Bandits with Betting

number of times armi has been played up to timet. Let

ct
i =

√

2 ln t

ni,t

Similar to UCB1 we keep a confidence interval of±ct
i

around the observed mean reward for each arm. We say
that an armi is dominated if there exist another armj such
that the lower confidence bound of armj is higher than the
upper confidence bound of armi.

The algorithm proceeds in two phases for each round. In
the first phase, a single coin per arm is assigned for the ex-
ploration of the non-dominated arms. The dominated arms
can be safely excluded as the best arm will, with high prob-
ability, not be among them. In the second phase, if there
are any coins left over from the first phase, they are used to
exploit the arm with the highest observed average reward.
The algorithm is detailed in Algorithm 1.

Initialize zi = 0 andni = 0 for all i ∈ [N ].1

for t = 1 to T do2

Computeubi =
(

zi

ni
+
√

2 ln t
ni

)

for all i ∈ [N ].3

Computelbi =
(

zi

ni
−
√

2 ln t
ni

)

for all i ∈ [N ].4

PHASE 1:5

At ← {i|ubi > lbj∀j ∈ [N ]}6

St ← {the up toK arms inAt with highestubi}7

Bet one coin on each arm inSt8

PHASE 2:9

if |At| < K then10

BetK − |At| coins on the arm with highest11
zi

ni

end12

Observe payoffsri(t) for all armsi ∈ St13

zi ← zi + ri(t) for all armsi ∈ St14

ni ← ni + 1 for all armsi ∈ St15

end16

Algorithm 1:

Theorem 1 The regret of the algorithm is at most:

lnT

N
∑

i=2

40

∆i
+

(

2 +
2π2

3

) N
∑

i=2

∆i+

+ (K − 1) ·
N
∑

i=2

(

16

∆i
+

π4

90

)

Proof:

To prove the theorem we will separately bound the regret
incurred in each phase of the algorithm.

Regret in Phase1. To play an armi in the first phase of
the algorithm, it must be that either its upper confidence

bound exceeds that of arm1, or its upper confidence bound
is lower than that of arm1, but its higher than the lower
confidence bound of arm1. Letnh

i,t be the number of times
arm i has been played when its upper confidence bound
was higher than that of arm1, up to timet, andnl

i,t be
the number of times armi has been played when its upper
confidence bound was lower than that of arm1, up to time
t. Let ni,t = nh

i,t + nl
i,t be the total number of times armi

has been played. The regret incurred in phase 1 will be:

R1(T ) =

N
∑

i=1

∆iE[ni,T ] =

N
∑

i=1

∆iE[nh
i,T ]+

N
∑

i=1

∆iE[nl
i,T ]

E[nh
i,T ] can be bounded in the same way as forUCB1 al-

gorithm. LetSt be the set of arms played at timet. We
have

nh
i,T = 1 +

T
∑

t=1

{i ∈ St, ubi,t ≥ ub1,t}

≤ l +
T
∑

t=1

{ubi,t ≥ ub1,t, n
h
i,t−1 ≥ l}

≤ l +
T
∑

t=1

{

µ̂i,t−1 + ct−1,ni,t−1
≥

≥ µ̂1,t−1 + ct−1,n1,t−1
, nh

i,t−1 ≥ l
}

≤ l +

T
∑

t=1

{

min
0<s1<t

µ̂1,s1
+ ct−1,s1

≤

≤ min
l<si<t

µ̂1,si
+ ct−1,si

}

≤ l +

∞
∑

t=1

t−1
∑

s1=1

t−1
∑

si=l

{µ̂1,s1
+ ct,s1

≤ µ̂i,si
+ ct,si

}

In order forµ̂1,s1
+ ct,s1

≤ µ̂i,si
+ ct,si

must be the case
that at least one of the following is true:

µ̂1,s1
≤ µ1 − ct,s1

µ̂i,s1
≥ µi + ct,si

µ1 ≤ µi + 2 · ct,si

Applying Chernoff-Hoeffding bounds we have:

P [µ̂1,s1
≤ µ1 − ct,s1

] ≤ e−4 ln t = t−4

P [µ̂i,si
≤ µi + ct,si

] ≤ e−4 ln t = t−4

and forsi > (8 ln T )/∆2
i we have:

µ1 − µi − 2 · ci
t,si

= µ1 − µi − 2
√

2 ln t/si ≥
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≥ µ1 − µi −∆i = 0

So we get

E[nh
i,T ] ≤ 8 ln T

∆2
i

+ 1 +

∞
∑

t=1

t−1
∑

s1=1

t−1
∑

si=⌈8 ln T/∆2

i
⌉

× (P [µ̂1,s1
≤ µ1 − ct,s1

] + P [µ̂i,si
≤ µi + ct,s1

])

≤ 8 ln T

∆2
i

+ 1 +

∞
∑

t=1

t−1
∑

s1=1

t−1
∑

si=1

2t−4

≤ 8 ln T

∆2
i

+ 1 +
π2

3

To boundE[nl
i,T ] we first note thatn1,t ≥ nl

i,t for any t.
Indeed, whenever armi is selected and its upper confidence
bound is lower than that of arm1, arm1 must be selected
too because the algorithm selects arms in the order of their
upper confidence bound. So thenl

i,T can be bounded by

nl
i,T = 1 +

T
∑

t=1

{i ∈ St, ubi,t ≤ ub1,t}

≤ l +
T
∑

t=1

{i ∈ St, ubi,t ≤ ub1,t, n
l
i,t−1 ≥ l}

≤ l +
T
∑

t=1

{

µ̂i,t−1 + ct−1,ni,t−1
≥

≥ µ̂1,t−1 − ct−1,n1,t−1
, n1,t−1 ≥ nl

i,t−1 ≥ l
}

≤ l +

T
∑

t=1

{

min
l<s1<t

µ̂1,s1
− ct−1,s1

≤

≤ min
l<si<t

µ̂1,si
+ ct−1,si

}

≤ l +
∞
∑

t=1

t−1
∑

s1=l

t−1
∑

si=l

{µ̂1,s1
− ct,s1

≤ µ̂i,si
+ ct,si

}

For µ̂1,s1
−ct,s1

≤ µ̂i,si
+ct,si

at least one of the following
must hold:

µ̂1,s1
≤ µ1 − ct,s1

µ̂i,s1
≥ µi + ct,si

µ1 − 2ct,s1
≤ µi + 2ct,si

But, for s1 > 32 ln T/∆2
i andsi > 32 ln T/∆2

i we get:

µ1 − 2ct,s1
− µi − 2 · ct,si

=

= µ1 − µi − 2
√

2 ln t/s1 − 2
√

2 ln t/si

≥ µ1 − µi −∆i/2−∆i/2 = 0

Which leads to

E[nl
i,T ] ≤

≤ 32 ln T

∆2
i

+ 1 +

∞
∑

t=1

t−1
∑

s1=⌈32 ln T/∆2

i
⌉

t−1
∑

si=⌈32 ln T/∆2

i
⌉

× (P [µ̂1,s1
≤ µ1 − ct,s1

] + P [µ̂i,si
≤ µi + ct,s1

])

≤ 32 ln T

∆2
i

+ 1 +

∞
∑

t=1

t−1
∑

s1=1

t−1
∑

si=1

2t−4

≤ 32 ln T

∆2
i

+ 1 +
π2

3

Putting all together we can bound the regret incurred in
phase 1 of the algorithm

R1(T ) =
N
∑

i=2

∆iE[ni,T ] ≤ lnT
N
∑

i=2

40

∆i
+

(

2 +
2π2

3

) N
∑

i=2

∆i

Regret at phase 2 To bound the regret incurred in phase 2
we will use the Azuma-Hoeffding Inequality:

P [ni,tµ̂i,t > ni,tµi + ni,t∆i/2] ≤ e−
∆

2
i

ni,t

8

and

P [n1,tµ̂1,t < n1,tµ1 + n1,t∆i/2] ≤ e−
∆

2
i

n1,t

8

Let At be the set of non-dominated arms at timet. Let us
restrict our attention to only those time steps were1 ∈ At,
and assume a maximum regret in the other time steps. In
order to incur regret in phase 2, the algorithm must select
an arm inAt. Also it must still have leftover coins after
phase 1, which means that all arms inAt, and in particular
arm 1, are selected this round (ni,t = ni,t−1 + 1 for all
i ∈ At). LetMi be the number of times armi is selected in
phase 2, when arm 1 is not dominated. We can bound the
expected value ofMi by:

E[Mi] = E

[

T
∑

t=1

P [µ̂i,t > µ̂1,t] · 1(1, i ∈ At)

]

≤ E

[

T
∑

t=1

P [ni,tµ̂i,t > ni,tµi + ni,t∆i/2] · 1(i ∈ At)

]

+ E

[

T
∑

t=1

P [n1,tµ̂1,t < n1,tµ1 + n1,t∆i/2] · 1(1 ∈ At)

]
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≤ E

[

∞
∑

t=1

e−
∆

2
i

ni,t

8 · 1(i ∈ At)

]

+ E

[

∞
∑

t=1

e−
∆

2
i

n1,t

8 · 1(1 ∈ At)

]

≤ E

[

∞
∑

n=1

e−
∆

2
i

n

8

]

+ E

[

∞
∑

n=1

e−
∆

2
i

n

8

]

=
1

e∆2

i
/8−1

+
1

e∆2

i
/8−1

≤ 16

∆2
i

Now all that remains to do is to bound the number of times
arm1 is dominated by some other arm, and thus not inAt.
For arm1 to be dominated at timet (i.e. its upper bound is
lower than the lower bound of some other arm at timet) it
must be the case that either

µ̂1,t ≤ µ1 − cs,t

or

µ̂i,t ≤ µi + cs,t

for some armi 6= 1.

Let D be the number of times arm1 is dominated. We have

E[D] =

T
∑

t=1

P [1 /∈ At]

≤
T
∑

t=1

(

P [µ̂1,t ≤ µ1 − cs,t] +

N
∑

i=2

P [µ̂i,t ≤ µi + cs,t]

)

≤
∞
∑

t=1

N · t−4 = N · π
4

90

Since there can be at most K-1 learners that incur regret in
phase 2, the regret in phase 2 is less than:

R2(T ) ≤ (K − 1)

(

E[D] +
N
∑

i=2

E[Mi] ·∆i

)

≤ (K − 1) ·
N
∑

i=2

(

16

∆i
+

π4

90

)

Putting it all together we get the statement of the theorem.

4. Conclusions

We study an extension of the stochastic multi-armed bandit
framework where the learner has a budget ofK coins that

it can use to play multiple arms at each round. The learner
may chose to bet multiple coins on the same arm, in which
case the reward received from that arm is proportional to
the amount of coins invested. The learning algorithm we
propose for this problem first allocates resources for the
exploration of viable arms (arms that can not be ruled out
with high probability as being suboptimal), then it uses the
remaining resources, if any, for the exploitation of the most
promising arm. We prove an upper bound ofO(K + lnT )
on the regret of this algorithm.

In terms of a lower bound on regret, one can notice that,
if the learner were to receive information on the rewards
immediately after each of theK plays in a round, and also
were to receive a fresh sample from the rewards distribution
of an arm for every coin (as opposed to receiving a single
sample per machine in each round) the problem would be-
come a standard multi-armed bandit problem withT · K
rounds. Hence, we get a lower bound on the regret of
O(lnT + lnK) (Lai & Robbins, 1985). Bridging he gap
between this lower bound and the linear inK upper bound
obtained in this paper remains an open problem.
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