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Abstract timal strategy of betting aliC coins on the arm with the
We study an extension to the stochastic multi-  highest average payoff.

armed bandit problem where the learner has a A pajve approach would be to reduce this problem to a clas-
budget ofK “coins” it can use in each round. The sical multi-armed bandit problem by betting &l coins
learner can use the coins to play multiple armsin oy the machine selected, for instance, by t&B1 algo-
each round, having the option to “bet” multiple rithm (Auer et al., 2002a). This would yield a regret of
coins on an arm. At the end of the round, the O(K - InT), whereT is the number of rounds played,
arms generate a reward that is proportionaltothe 54 the constant depends on the mean payoffs of the dif-
amount of coins invested in them. ferent machines. In this paper we present an algorithm that
achieves a regret ab(K + InT) by splitting the coins

. among multiple machines in order to emphasize explo-
1. Introduction raﬁon_g P P P

The stochastic multi-armed bandit problem (Lai & Rob-

bins, 1985) is motivated in terms of playing slot machines?2 Related wor k

in a gambling casino. At each round, the gambler &as

single coin he or she uses to play exactly one\bklot ma-  The classical multi-armed bandit problem, the simplest

chines. The played machine yields a random payoff from @&xample of an exploration-exploitation trade-off probjem

fixed distribution that is unknown to the gambler. The goalhas received significant attention in the literature. In the

of the gambler is to maximize the expected payoff. stochastic setting, Lai and Robbins (1985) gave asymp-
totically optimal strategies, and Auer et al. (2002a) in-

In this paper we consider an extension where the gamblegqqyced theUCB1 algorithm and showed that the opti-
has, at each rounds coins available for play, and the slot .-, regret bounds ap(InT') can be achieved uniformly

machines accept bets. If the player beizoins onama-  oer time, For the non-stochastic version, Auer et al.
chine, then the machine will return times the payoff of - 5002p) proposed thexp3 algorithm that achieves a regret
that round. It is important to note that betting coins on of O(VT - N -In N)

a machine results in obtaining a single sample from the re- o ).

wards distribution of that machine (multiplied by), not  In the context of Competitive Collaborative Learning,
m independent samples. At each round, the gambler mustwerbuch and Kleinberg (2008) studied, in the non-
divide all of his or hersK coins among the machines in stochastic setting, a more general version of the problem
such a way as to maximize the total expected payoff. studied in this paper, where the learners can be dishon-

A different way to look at the same problem is in the con- &St They proX|de an a'gog'}[jm with 2 regret bound of
text of collaborative learningfl honest and altruistic learn- O((K +N) - In*(K +N) - T°/%)

ers are collaborating to to maximize the cumulative totalA more restrictive version of the problem studied here,
expected payoff. In each rou.nd, each learner selects gxactlvhere, at each round, the gambler has to play exdgtly
one of theN arms, and receives the payoff of the selecteddistinct machines, with each machine accepting a single

arm in that round. If two learners select the same arm, theyoin, has been studied by Anantharam et al. (1987) un-
both receive the same reward. At the end of the round theer the name of multi-armed bandit problems with multiple

learners share information about the payoffs received, anglays.
coordinate on which arms to select in the next round.

As in the classical setting, performance is measured ir8, M ain Result

terms of regret, i.e. the difference between the payoff ob-

tained by the algorithm, and the payoff obtained by the op\We consider the stochastic rewards model, where the re-
ward for arm: at time¢, r;(¢), is drawn independently
from a fixed unknown distributior?;(-) with mean p;.
WLOG let the arms be ordered by the true average reward:
pt1 > ... > un. LetA; = py — p;. We denote by, ; the
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number of times arni has been played up to timelLet bound exceeds that of artpor its upper confidence bound
is lower than that of armi, but its higher than the lower
confidence bound of arih Letn”, be the number of times
. 2Int arm has been played when its upper confidence bound
i . was higher than that of arm, up to timet, andn!, be
7,t . . e
’ the number of times armhas been played when its upper
confidence bound was lower than that of arnpup to time
t. Letn;, = nl, + n!, be the total number of times arin
Has been played. The regret incurred in phase 1 will be:

Q
I

Similar to UCB1 we keep a confidence interval afc!

that an arm is dominated if there exist another agnsuch
that the lower confidence bound of ajns higher than the

upper confidence bound of arin N N N

_ _ h l
The algorithm proceeds in two phases for each round. it (T) = Z AiEnir] = Z Ai]E[”ivTHZAiE[”i,T]
the first phase, a single coin per arm is assigned for the ex- i=1 i=1 i=1

ploration of the non-dominated arms. The dominated arms, )

can be safely excluded as the best arm will, with high prob-]E[”_i,T] can be bounded in the same way as{éB1 al-
ability, not be among them. In the second phase, if ther@rithm. LetsS; be the set of arms played at time We
are any coins left over from the first phase, they are used t93v€

exploit the arm with the highest observed average reward.

The algorithm is detailed in Algorithm 1. T
nlp = 14 {i€Sp,uby > ubi}
1 Initialize z; = 0 andn; = 0 for all i € [N]. t=1
2fort=1toT do T
h
s  Computeub; = (fL— - %) for alli € [N]. < I+ z;{Ubi,t > uby¢,niy g > 1}
t=

. Computeld; = (fl— - ,/%) foralli € [N]. T

s PHASE 1: < I+ At i, >

6 Ay — {z|ubl > leVj S [N]} t=1

7 S, « {the up toK arms inA, with highestub; } > fi1m1 F Gty 1 M > 1}

8 Bet one coin on each arm i} T " '

9 PHASE 2: .

10 if |At| < K then < I+Z{O£nsllritﬂl’sl +co1,6 <
1 Bet K — |A;| coins on the arm with highest =1

o < min fig g, +Ct—1.si}

12 end I<s;<t :

13 Observe payoffs;(t) for all armsi € S; oo t—1 t-—1

Wz« z +r(t) forallarmsi € S, < UHY DD s e < flis, o}
15 n; < n; + 1 forallarmsi € S; t=1 s1=1s;=I

16 end

Algorithm 1. In order forjiy s, + cr.s, < fli,s; + ct,s;, Must be the case

that at least one of the following is true:

Theorem 1 The regret of the algorithmis at most:

lal,sl S H1 — Ct s
ﬂZ}S Z Hi + Ct,s;
1T§240+ 9y 2T iAJF < 2o
n ~ — i < g - Cts,
i=2 A 3 /)5
N 4
16 = . . .
+ (K —1)- Z ~ oo Applying Chernoff-Hoeffding bounds we have:
i—2 i Pline, < —cre] < e 4t =y
Pr oof: Plfiis, < i +crs,] < p—dint _ 4—4

To prove the theorem we will separately bound the regret
incurred in each phase of the algorithm.

: . , and fors; > (81nT)/A? we have:
Regret in Phasel. To play an army in the first phase of

the algorithm, it must be that either its upper confidence 1=y — 2+ Ci,si =p1 — p; —2y/2Int/s; >
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>pp—pi—0; =0 :ul—,ui—2\/21nt/51—2\/21nt/si
> p =i —Ai/2-A/2=0
So we get
Which leads to
811’1T oo t—1 t—1
h
E[nzT] < A? + 14+ Z Z Z E[niT] <

t=1s1=15,=[8InT/A2]

X (P s, < p1—csy] P [fis, < pi+crs,])
oo t—1 t—1

SSIALZTJFHZZZ%*‘*

t=1 81:1 Si:].

o) t—1 t—1

g%%uz 3 3

t=15,=[32InT/A?] s;=[32InT/A?]
X (P [ﬂLSl < g — ct,Sl] +P [ﬂi,si < pi+ Ct,Sl])

co t—1 t—1
8InT 2 32InT 4
B I
i ? t=1s1=1s;=1
i 32InT 72
To boundE([n! ;] we first note that, , > n!, for anyt. SR tlA 3
Indeed, whenever ariris selected and its upper confidence i

bound is lower than that of army arm1 must be selected , . .
too because the algorithm selects arms in the order of theffutting all together we can bound the regret incurred in

upper confidence bound. So thggT can be bounded by

T
ni’g“ = 1+ Z{Z S St,ubi7t < 1Lb17t}
=1
T
< 1+ {i€Shubiy <ubignk, > 1}
=1
T
< I+ Z {fig—1+ o1y =
=1

N l
2 H1t—1 — C—lny s M—1 2 My 2 l}
T

< I+ min [ —C_ <
=~ Z {l<51<t,u1,sl t—1,81 >
t=1
< min fig g, +Ct1,si}
I<s;<t
co t—1 t—1
< I+ Z Z Z {ﬂl,sl — Ct,s5y < :&‘i,si + Ct,Si}

t=1s1=ls;=l

Forfiy s, —ct,s; < fli,s; +ct,5, atleast one of the following
must hold:

,[Jll,sl S Ml - Ct,sl
,ai,sl Z j22; + Ct,s,;
p1—2¢s, < pgt2e,

But, fors; > 32InT/A? ands; > 32InT/A? we get:

H1 — 2Ct,sl — Mi — 2. Ct,s; —

phase 1 of the algorithm

al Y40 272\
i=2 i=2 i=2

Regret at phase 2 To bound the regret incurred in phase 2
we will use the Azuma-Hoeffding Inequality:

2
AT ¢
8

Plngfiie > nippes +nigi /2] < e

and

2
AZng
8

Plnggfine < nagpn +n108/2) <e”

Let A; be the set of non-dominated arms at time_et us
restrict our attention to only those time steps were A;,

and assume a maximum regret in the other time steps. In
order to incur regret in phase 2, the algorithm must select
an arm inA;. Also it must still have leftover coins after
phase 1, which means that all armsAp, and in particular
arm 1, are selected this round;¢ = n;:—; + 1 for all

1 € A;). Let M; be the number of times ariris selected in
phase 2, when arm 1 is not dominated. We can bound the
expected value od/; by:

E[M;] =E |y Pliie > fud - 1(1,i € A;)
t=1
<E ZP[TL@J[MJ > Nty + TLq,tAZ/Q] . 1(Z € At)
t=1
T
+E D Plnaefine <nuepn +nidi/2)-1(1 € Ay)
t=1
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. Alngy, it can use to play multiple arms at each round. The learner
<E Z e = 1(i € Ay) may chose to bet multiple coins on the same arm, in which
t=1 case the reward received from that arm is proportional to
O AZny, the amount of coins invested. The learning algorithm we
+E Z e % (1€ Ay) propose for this problem first allocates resources for the
t=1 exploration of viable arms (arms that can not be ruled out
X a2 X a2, with high probability as being suboptimal), then it uses the
<E Z e & | +E Z e s ] remaining resources, if any, for the exploitation of the mos
n=1 n=1 promising arm. We prove an upper bound®fK + InT")
B 1 n 1 < 16 on the regret of this algorithm.
o eAN/ETL T eAY/BTL T AT In terms of a lower bound on regret tice that
i gret, one can notice that,

if the learner were to receive information on the rewards
Now all that remains to do is to bound the number of tlmeS|mmed|ate|y after each of thE p|ays ina round, and also
arm1 is dominated by some other arm, and thus natin  were to receive a fresh sample from the rewards distribution
For arm1 to be dominated at time(i.e. its upper bound is  of an arm for every coin (as opposed to receiving a single
lower than the lower bound of some other arm at tithi¢  sample per machine in each round) the problem would be-
must be the case that either come a standard multi-armed bandit problem viith K
rounds. Hence, we get a lower bound on the regret of
O(InT + In K) (Lai & Robbins, 1985). Bridging he gap
between this lower bound and the linearfinupper bound
or obtained in this paper remains an open problem.
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Let D be the number of times arinis dominated. We have
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Putting it all together we get the statement of the theorem.
|

4. Conclusions

We study an extension of the stochastic multi-armed bandit
framework where the learner has a budgeko€oins that



